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In this article, one and two-dimensional hydrodynamical models of semiconductor devices are numeri-
cally investigated. The models treat the propagation of electrons in a semiconductor device as the flow
of a charged compressible fluid. It plays an important role in predicting the behavior of electron flow
in semiconductor devices. Mathematically, the governing equations form a convection–diffusion type
system with a right hand side describing the relaxation effects and interaction with a self consistent elec-
tric field. The proposed numerical scheme is a splitting scheme based on the kinetic flux-vector splitting
(KFVS) method for the hyperbolic step, and a semi-implicit Runge–Kutta method for the relaxation step.
The KFVS method is based on the direct splitting of macroscopic flux functions of the system on the cell
interfaces. The second order accuracy of the scheme is achieved by using MUSCL-type initial reconstruc-
tion and Runge–Kutta time stepping method. Several case studies are considered. For validation, the
results of current scheme are compared with those obtained from the splitting scheme based on the
NT central scheme. The effects of various parameters such as low field mobility, device length, lattice
temperature and voltage are analyzed. The accuracy, efficiency and simplicity of the proposed KFVS
scheme validates its generic applicability to the given model equations. A two dimensional simulation
is also performed by KFVS method for a MESFET device, producing results in good agreement with those
obtained by NT-central scheme.

� 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

The accurate numerical simulations of semiconductor devices
can somewhat reduce the experimental work by vaticinating the
behavior of realistic devices, which subsidizes in faster developing
cycle and better performances of modern devices. The simulation
results are used to study the material properties and better under-
standing of experimental measurements, which are essential in the
development of compact models for integrated circuits. There are
several branches of related research ranging from simulation of
simple PN junctions, Schotky diodes and transistors [1], to specially
designed devices like solar cells [2,3]. The semiconductors can be
simulated with a statistical Monte Carlo technique that deals with
the dynamics of particles in an electric field [4]. However, this
method is not suitable for computer implementation because of
large computational cost. Macroscopic models derived from the
Boltzmann equation seems to represent a reasonable compromise
between computational efficiency and accurate description of the
underlying physics of the device. The main classes of macroscopic
semiconductor models are the drift diffusion model, the energy
transport model and the hydrodynamical model [5,6].

The hydrodynamical model [7,9] plays a significant role in sim-
ulating the behavior of charge carriers in sub-micron semiconduc-
tor devices. Such a model contains a set of nonlinear conservation
laws for the particle number, momentum, and energy, coupled
with Poisson equation for the electric potential. The nonlinear
hyperbolic modes support shock waves or velocity overshoots in
parlance of semiconductor physics. This is one of the major diffi-
culties associated with such systems to accurately compute the
solutions containing sharp waves fronts. A less order accurate
numerical scheme fails to capture the solution in the region of high
gradients. Further, relaxation parameters on the right hand side of
the current model make the system more stiff and, hence, splitting
strategies must be employed for their solution. There exists several
other techniques to discretize the hydrodynamic equations. Ini-
tially the Scharfetter–Gummel method has been generalized for
these equations, in particular for subsonic flow [9]. Later on, the
second-order accurate upwind shock-capturing methods have
been used for the transonic flow simulation [11]. In recent years,
numerical techniques like streamline-diffusion schemes [12],
Runge–Kutta discontinuous Galerkin scheme [13], ENO (essentially
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Fig. 1. nþ � n� nþ Diode with channel lenght 0:75 lm and Vb ¼ 1:5 V.
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non-oscillatory) type finite difference methods [14,15], and non-
oscillatory schemes of Nessyahu–Tadmor (NT) have been devel-
oped [16,17]. However, there is still a need for more accurate
numerical solution techniques to explore the physics of current
models accurately.

The KFVS schemes have been successfully used for numerically
studying flows in the gas dynamics. The scheme was used to solve
bump in a channel problem on structured meshes. Numerically, it
was found in [18] that the explicit flux function of KFVS scheme, by
employing collisionless Boltzmann transport equation, is similar to
the flux function of van Leer [19]. The same result was first
obtained in [20]. A high order KFVS scheme has been applied for
the simulation of several two-dimensional problems on structured
and unstructured meshes in [21]. The authors in [22,23] have con-
structed an improved BGK-type KFVS scheme which also incorpo-
rates particle collisions at the cell interfaces. Furthermore, the
authors in [24,25] have used different KFVS schemes for solving
shallow water equations.

In this article, we present a second order accurate splitting
based numerical scheme for solving the hydrodynamical model
of semiconductor devices. The hyperbolic part (convection step)
is solved first, followed by a relaxation step to solve the diffusional
and relaxation terms. In the hyperbolic step, a homogenous hyper-
bolic system is solved by using the proposed KFVS method. In the
relaxation step, the system of ordinary differential equations is
solved by a fourth order semi-implicit Runge–Kutta method [26].
Moreover, the NT scheme based splitting technique is also used
for comparison and validation of the numerical results of our sug-
gested method [16,17]. Several case studies are carried out. The
effects of various parameters such as low field mobility, device
length, lattice temperature and voltage are analyzed. The numeri-
cal results obtained verify the accuracy, efficiency and simplicity of
the proposed numerical algorithm and its generic applicability to
the given model equations.

The outline for rest of paper is as follows. In Section ‘‘Hydrody
namical model for semiconductor devices”, we present the mathe-
matical formulation of hydrodynamical model describing charge
transport in semiconductor devices. The proposed numerical
scheme is discussed in Section ‘‘Numerical scheme”. In Section ‘‘N
umerical simulation”, several numerical case studies are carried
out to analyze the validity and performance of the KFVS method.
Section ‘‘Conclusions” concludes our findings in this manuscript.

Hydrodynamical model for semiconductor devices

The hydrodynamic equations were introduced by Blotekjaer [7]
and subsequently thoroughly investigated by Baccarani and
Wordeman [8]. As mentioned earlier, the hydrodynamic equation
were derived from Boltzmann equation using a moment method
[10]. As a result, we get a system of equations for the carrier den-
sity, momentum and energy which is not in closed form. Fourier
law for the heat flux [7] is taken into account to close the system.
The derivation and the closed form of hydrodynamic equations can
also be attained by some other approaches discussed in [17]. The
hydrodynamic equations derived by Blotekjaer, Baccarani and
Wordeman [7,8] are as follows:

nt � 1
q
r:J ¼ 0; ð1Þ

Jt �
1
q
r:

J � J
n

� �
� qkB

m� rðnTÞ þ q2

m� nrV ¼ CJ ; ð2Þ

Et �r:
m�JjJj2
2q3n2 þ 5kB

2q
TJ þ jrT

 !
¼ �J:rV þ CE; ð3Þ
esDV ¼ qðn� CÞ; ð4Þ
here, the electron density n, the current density J, the energy den-
sity E and the electrostatic potential V are the physical variables.
Moreover, q is the elementary charge, kB is the Boltzmann constant,
m� is the effective electron mass, es is the permittivity constant, and
C ¼ CðxÞ is the doping concentration. The energy density can be
written as the sum of kinetic and thermal energy as.

E ¼ m�jJj2
2q2n

þ 3
2
kBTn ¼ 1

2
m�njuj2 þ 3

2
kBTn;

where u is the electron velocity defined by J ¼ �qnu. The relaxation
terms for momentum and energy, respectively, are given as under

CJ ¼ � J
sp

;

CE ¼ � 1
sw

m�jJj2
2q2n

þ 3
2
kBðT � T0Þn

 !
;

where T0 is lattice temperature. Further,

sp ¼ spo
T
T0

� �r

; sw ¼ swo
T

T þ T0

� �
þ 1
2
sp;

are the momentum and energy relaxation times, respectively, with

spo ¼ m�ln

q
; swo ¼ 3lnkBT0

2qv2
s

: ð5Þ

In the above equation ln and vs are the low-field mobility and
the saturation velocity, respectively. Finally, the heat conductivity
is assumed to be

j ¼ 5
2
þ c

� �
k2Bln

q
nT

T
T0

� �r

;

where c; r 2 R are some phenomenological constants.
The Eqs. (1)–(4) have to be solved in a bounded domain. One

and two-dimensional KFVS numerical schemes are proposed to
approximate the model equations. The initial and boundary condi-
tions for the model will be discussed in upcoming section.

Compact form of 1D model

In this sub-section we shall put our model into a more concise
form and discuss the splitting strategy. We recall the hydrody-
namic model (c.f. Eqs. (1)–(3)) in one space dimension as follows:



Fig. 2. Comparison: KFVS vs Central (Dx ¼ 3:0� 10�3 lm).
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Wt þ FðWÞx ¼ ðGðW;WxÞÞx þ SðWÞ; ð6Þ
coupled with the Poisson equation

�sVxx ¼ qðn� CðxÞÞ: ð7Þ
The vector quantities are expressed as

W ¼
n

nu

E

2
64

3
75; FðWÞ ¼

nu

nu2 þ P

uðEþ PÞ

2
64

3
75;
GðW;WxÞ ¼
0
0
jTx

2
64

3
75; SðWÞ ¼

0
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sp

qnuVx � E�E0
sw

2
664

3
775:

here, P ¼ nkBT; E ¼ 1
2m

�nu2 þ 3
2nkBT and E0 ¼ 3

2nkBT0 is the rest
energy density. The recalled relaxation and heat diffusion coeffi-
cients are expressed as

sp ¼ m�ln

q
T
T0

� �r

; ð8Þ



Table 1
Physical parameters.

Parameter Physical meaning Numerical values

q elementary charge 1:6� 10�19 C
m� effective electron mass 0:26� 9:11� 10�31 kg
es permittivity constant 11:7� 8:85� 10�12 F=m
ln low field mobility constant 0:1 m2=Vs

kB Boltzman constant 1:38� 10�23 J=K
T0 lattice temperature 300 K
ni intrinsic electron concentration 1:4� 1016 m3

1918 U.A. Nisar et al. / Results in Physics 7 (2017) 1915–1931
sw ¼ 1
2
sp þ 3lnkBT0T

2qv2
s ðT þ T0Þ ; ð9Þ

j ¼ 5
2
þ c

� �
nk2BlnT

q
T
T0

� �
; ð10Þ

where c ¼ r ¼ �1. Assuming L is the typical device length, the initial
and boundary conditions are assigned as:

nðx;0Þ ¼ CðxÞ; uðx;0Þ ¼ 0; Tðx;0Þ ¼ T0; ð11Þ

nxð0; tÞ ¼ nxðL; tÞ ¼ 0; uxð0; tÞ ¼ uxðL; tÞ ¼ 0; Txð0; tÞ
¼ TxðL; tÞ ¼ 0: ð12Þ

Taking into account the conservation of electrons, we notice
that the boundary condition on n implies the fixed boundary con-
dition nð0; tÞ ¼ Cð0Þ;nðL; tÞ ¼ CðLÞ. For the electric field with an
applied voltage Vb, the boundary conditions are

Vð0Þ ¼ T0

q
ln

nð0; tÞ
ni

� �
; VðLÞ ¼ T0

q
ln

nðL; tÞ
ni

� �
þ Vb: ð13Þ

The left hand side of Eq. (6) represents, a quasilinear hyper-
bolic operator, while right hand side contains relaxation step
and diffusion terms. We make use of a splitting scheme, based
on the following decomposition. Let us consider system of the
form

@W1

@t
þ @FðW1Þ

@x
¼ g: ð14Þ

Then, for each time step, a numerical approximation ~W of the
solution is obtained by solving the two consecutive steps. In the
first convection step, we have to solve the homogeneous system
of equations of the form

@W1

@t
þ @FðW1Þ

@x
¼ 0; W1 ¼ ~WðtÞ: ð15Þ

The second one is the relaxation step which expressed as

@ ~W
@t

¼ g; ~WðtÞ ¼ W1ðt þ DtÞ: ð16Þ

In the following, both steps are further explained.

Compact form of 2D model

In this sub-section we shall write the two-dimensional
model. The compact form of two-dimensional model can be
read as:

Wt þ ðF1ðWÞÞx þ ðF2ðWÞÞy ¼ ðG1ðW;WxÞÞx þ ðG2ðW;WyÞÞy
þ SðWÞ; ð17Þ

coupled with the poisson equation

Vxx þ Vyy ¼ q
�s
ðn� ndÞ; ð18Þ

The vector quantities are expressed as
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2
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3
777775;
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sp

qnVy � mnv2
sp

qnðVxv1 þ Vyv2Þ � E�E0
sw

2
66666664

3
77777775
:

Numerical scheme

In this section, the derivation of the proposed numerical scheme
will be presented. We derive the numerical scheme in different
parts, namely, the overall second-order accurate method for the
convection step, the relaxation scheme, and the treatment of the
boundaries and diffusion.

One-dimensional KFVS method

In this sub-section, we implement the KFVS scheme on the sys-
tem of Eqs. (15) and then solve it. In the gas-kinetic theory, the
motion of particle between cell interfaces is explained by the term
flux. The evaluation of local macroscopic flux-vector FðWÞ will be
accomplished by the numerical discretization of the current sys-
tem across complete boundary of the mesh cell. Flux function
can be determined by the motion of particle in the x-direction.
The other quantities, like densities, pressure and energy can be
treated as passive scalars moving with the particles velocity. Com-
monly, particles are distributed randomly around the average
velocity.

In statistical mechanics, the local Maxwellian distribution func-
tion explains the motion of moving particles across coordinate
directions. The normal direction n for the Maxwellian distribution
function f M is given as (e.g. [25])

f Mðt;n; vnÞ ¼ n
k
p

� �1
2

exp½�kðun̂ � v n̂Þ2�; k ¼ m�

2kBT0
ð19Þ

where n;m�; kB and T0 are density, effective electron mass, Boltz-
mann constant and lattice temperature respectively. The transport
of any flow quantity is due to the movement of particles. Thus, in
the one-dimensional case, with the distribution function f M given
by Eq. (19) the particles can be divided into two groups. First
group is moving with the positive velocity ðun > 0Þ in the right
direction ðun > 0Þ and the second group is moving with the nega-
tive velocity ðun < 0Þ in the left direction. Let us defined the
moments, these moments will be sufficient enough for splitting
the fluxes,
vs saturation velocity 1:03� 105 m=s



Fig. 3. Comparison: KFVS vs Central with 200 grid points (Dx ¼ 3:0� 10�3 lm).
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hv0in̂ ¼ 1 ¼
Z 1

�1

k
p
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2

e�kðun̂�v n̂Þ2dv n̂; ð20Þ

hv1in̂ ¼ un̂ ¼
Z 1

�1

k
p

� �1
2

v n̂e�kðun̂�v n̂Þ2dv n̂: ð21Þ

The zeroth order moment in Eq. (20) is used to split scalars,
while the first order moment in Eq. (21) is used for splitting vec-
tors. In order to simplify the notation, we define
hv0iþn̂ ¼
Z 1

0

k
p

� �1
2

e�kðun̂�v n̂Þ2dv n̂ ¼ 1
2
erfcð�

ffiffiffi
k

p
un̂Þ; ð22Þ

hv0i�n̂ ¼
Z 0

�1

k
p

� �1
2

e�kðun̂�v n̂Þ2dv n̂ ¼ 1
2
erfcð

ffiffiffi
k

p
un̂Þ; ð23Þ

and



Fig. 4. Numerical solutions with successive double grid points.
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hv1iþn̂ ¼
Z 1

0

k
p

� �1
2

v n̂e�kðun̂�v n̂Þ2dv n̂ ¼ un̂hv0iþn̂ þ
1
2
e�ku2

n̂ffiffiffiffiffiffi
pk

p ; ð24Þ

hv1i�n̂ ¼
Z 0

�1

k
p

� �1
2

v n̂e�kðun̂�v n̂Þ2dv n̂ ¼ un̂hv0i�n̂ �
1
2
e�ku2

n̂ffiffiffiffiffiffi
pk

p ; ð25Þ

In the above equations, the motion of the particles in the right
direction is represented by the positive sign and the motion of the
particles in the left direction is represented by the negative sign.
Moreover, the complementary error function is defined as
erfcðzÞ ¼ 2ffiffiffiffi
p

p
Z 1

z
e�t2dt: ð26Þ

Now the Eq. (15) can be solved by KFVS scheme with the help of
above mentioned flux splitting technique. For the implementation
of finite volume scheme, first we sub-divide the domain into N sub

domains. Let us define the cell Ii by interval xi�1
2
; xiþ1

2

h i
for

i ¼ 1;2; � � � ;N. Therefore, Dx ¼ xiþ1
2
� xi�1

2
represents the uniform

cells width, the points xi ¼ iDx refer to the cells center and the



Table 2
Numerical errors for different number of grid points.

Grid Numbers Density (n) Velocity (u)

L1 L1 rate L1 L1 rate

50 4.84 36.63 – 0.030 0.23 –
100 2.30 11.06 1.73 0.013 0.08 1.52
200 0.35 3.84 1.53 0.002 0.019 2.07
400 0.15 1.11 1.79 0.0007 0.007 1.44

Grid Numbers Temperature (T) Electric field (�Vx)

L1 L1 rate L1 L1 rate

50 0.0439 0.165 – 0.083 0.65 –
100 0.0090 0.053 1.64 0.056 0.21 1.63
200 0.0016 0.018 1.56 0.007 0.073 1.52
400 0.0002 0.005 1.85 0.002 0.014 2.38

Grid Numbers Energy (E)

L1 L1 rate

50 4.58 40.98 –
100 2.11 11.50 1.83
200 0.31 4.11 1.48
400 0.11 1.05 1.97

Fig. 5. Convergence Study of the Scheme.
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points xi�1
2
¼ xi � Dx=2 represent the cells faces. We start with a cell

averaged initial data Wn
i at time step tn and compute the cell aver-

age updated solution Wnþ1
i over the same cells at the next time

step tnþ1.
With the help of above define setup we can split the flux func-

tion in Eq. (15) as

FðWÞ ¼¼
nu

nu2 þ P

uðEþ PÞ

0
B@

1
CA ¼ Fþ þ F�; ð27Þ

where

F� ¼ hv1i�x

n

nu

uðEþ 1
2 PÞ

0
B@

1
CAþ hv0i�x

0
P

1
2 Pu

0
B@

1
CA; ð28Þ

here, the right interface flux vector of the cell Ii is defined as

Fi�1
2
¼ Fþ

i þ F�
iþ1: ð29Þ

Similarly, the left interface flux vector of the cell Ii. The integra-

tion of the Eq. (7) over the cell xi�1
2
; xiþ1

2

h i
gives the following semi-

discrete kinetic upwind scheme

dWi

dt
¼ �

Fiþ1
2
� Fi�1

2

Dx
: ð30Þ

The cell averaged values Wi are defined as

Wi :¼ WiðtÞ ¼ 1
Dx

Z x
iþ1

2

x
i�1

2

Wðt; xÞdx: ð31Þ

The above scheme has first order accuracy in space. However,
the high order accuracy can be achieved. For this the initial recon-
struction procedure will be applied for interpolating the cell aver-
aged variables Wi. In this article, a second order accurate MUSCL-
type initial reconstruction strategy is used. SettingWi be the piece-
wise constant solution. Furthermore, selection of the slope vector
(differences) Wx in the x-direction help us in the reconstruction
of a piecewise linear (MUSCL-type) approximation. The boundary
extrapolated values are given as

WL
i ¼ Wi � 1

2
Wx

i ; WR
i ¼ Wi � 1

2
Wx

i : ð32Þ
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A possible computation of these slopes, is given by family of dis-
crete derivatives parameterized with 1 6 h 6 2, for example

Wx
i ¼ MM hDWiþ1

2
;
h
2

DWiþ1
2
þ DWi�1

2

� �
; hDWi�1

2

� �
; ð33Þ

where 1 6 h 6 2 is a parameter and D denotes the central
differencing

DWiþ1
2
¼ Wiþ1 �Wi; ð34Þ
Fig. 6. Numerical solutions for d
here, MM denotes the min-mod non-linear limiter

MMfx1; x2; . . .g ¼
min

i
fxig if xi > 08i;

max
i

fxig if xi < 08i;
0 otherwise:

8>><
>>: ð35Þ

On the basis of above reconstruction procedure, a semi-discrete
high resolution kinetic solver is given as
ifferent low field mobility.



Fig. 7. Numerical solutions for different lattice temperatures.
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dWi

dt
¼ �

Fiþ1
2
ðWL

iþ1;W
R
i Þ � Fi�1

2
ðWL

i ;W
R
i�1Þ

Dx
: ð36Þ

A second order TVD Runge–Kutta scheme is used to solve Eq. (36).
Let the right hand side of Eq. (36) as LðWÞ, two stages will be require
for updating W using second order TVD Runge–Kutta scheme [22]

W ð1Þ ¼ Wn þ DtLðWnÞ; W ðnþ1Þ ¼ 1
2

Wn þW ð1Þ þ DtLðW ð1ÞÞ
� �

;

ð37Þ
where Wn is solution at the previous time step and Wnþ1 is updated
solution at the next time step. Moreover, Dt represents the time step.
Two-dimensional KFVS method

In order to solve Eq. (17) numerically, we discretize the given
computational domain. Let Nx and Ny be large integers in the x-
and y-directions, respectively. We assume a Cartesian grid with a
rectangular domain ½0; xmax� � ½0; ymax� which is covered by cells



Fig. 8. Numerical solutions for different low field mobility for channel length 50 nm.
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Cij ¼ ½xi�1
2
; xiþ1

2
� � ½yi�1

2
; yiþ1

2
� for 1 6 i 6 Nx and 1 6 j 6 Ny. The

representative coordinates of the cell Cij are denoted by ðxi; yjÞ.
In each cell Cij we use the cell averaged values of conservative
variables

Wi;jðtÞ ¼ Wðt; xi; yjÞ ¼
1

DxDy

Z x
iþ1

2

x
i�1

2

Z y
iþ1

2

y
i�1

2

Wðt; x; yÞdy dx: ð38Þ

Integration of Eq. (17) over control volume

xi�1
2
; xiþ1

2

h i
� yi�1

2
; yiþ1

2

h i
gives
dWi;j

dt
¼ � 1

Dx
½Fiþ1

2;j
� Fi�1

2;j
� � 1

Dy
½Gi;jþ1

2
� Gi;j�1

2
� þ 1

DxDy

Z x
iþ1

2

x
i�1

2

�
Z y

iþ1
2

y
i�1

2

½Qðt; x; yÞ þ Rðt; x; yÞ�dydx; ð39Þ

where

Fiþ1
2;j
¼ Fþ

i;j þ F�
iþ1;j; Gi;jþ1

2
¼ Gþ

i;j þ G�
i;jþ1 ð40Þ



Fig. 9. Comparison: KFVS vs Central with an applied Voltage Vb ¼ 2:0 V (Dx ¼ 3:0� 10�3 lm).
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The splitting of above fluxes can be obtained along each coordi-
nate direction in a manner similar to the one-dimensional case. In
this case, the flux-vector F at the cell interfaces perpendicular to
the x-axis is split according to the x-component of the velocity
denoted by u and the flux-vector G at the cell interfaces perpendic-
ular to the y-axis is split according to the y-component of velocity
represented by v.

The source term integrals in Eq. (39) can be approximated in the
same manner as in the one-dimensional case. They are given as
Z x
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where
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here, ui;j;v i;j; ðubÞi;j and ðvbÞi;j represent cell average values in the
cell Cij. Due to Eqs. (41) and (42), the two-dimensional semi-
discrete KFVS scheme (39) can be rewritten as

dWi;j

dt
¼ � 1

Dx
Fiþ1

2;j
� Fi�1

2;j

h i
� 1
Dy

Gi;jþ1
2
� Gi;j�1

2

h i

þ 1
Dx

Qiþ1
2;j
� Qi�1

2;j

h i
þ 1
Dy

Ri;jþ1
2
� Ri;j�1

2

h i
; ð45Þ

Similar to the one-dimensional case, only last components of Q
and R are non-zero. This scheme is only first accurate in space. The
second order accuracy of the scheme along each coordinate direc-
tion follows the same procedure as explained in the one-
dimensional case. To obtain second order accuracy in time, the sec-
ond order TVD Runge–Kutta scheme is used.

Two-dimensional central scheme

The central schemes are commonly applied to approximate the
solutions of hyperbolic conservation laws in different areas of phy-
sics. These non-oscillatory high-resolution schemes are simpler to
use for multidimensional problems. In this chapter, numerical
approximation of 2D hydrodynamic model is performed using
the central scheme. This scheme will be used to validate the
numerical results of our proposed schemes.

Consider the two-dimensional hyperbolic conservation law in
Eq. (17). Then, the two-dimensional central scheme has the follow-
ing predictor–corrector form:
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here,Wn
i;j denotes the approximate cell-average value ofWðt; x; yÞ at

time t ¼ tn andWx
i;j andWy

i;j are the approximate slopes of flow vari-

ables, and ðF1
i;jÞ

x
and ðF2

i;jÞ
y
being approximate slopes of fluxes. Thus,

slopes can be calculated by the min-mod formulae and initial
reconstruction
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where, a varies from 1 to 2 and D denotes the central differencing,
DWiþ1

2;j
¼ Wiþ1;j �Wi;j, DWi;jþ1

2;j
¼ Wi;jþ1 �Wi;j andMM is given in Eq.

(35). Moreover,
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where, 1
Mx ðF1ðWi;jÞÞ x and 1

My ðF2ðWi;jÞÞ y denote the numerical approx-

imation for derivatives of the fluxes F1ðWðt; x; yÞÞ and F2ðWðt; x; yÞÞ
at ðxi; yjÞ, respectively. Further details on central scheme can be
found in [29].

Relaxation step

In order to avoid the stability restriction on the time step Dt, we
used a semi-implicit Runge–Kutta (RK) scheme for the relaxation
step. An appropriate generalization in the presence of an electric
field, is given by the following steps. Given the fields at time
tn; ðWn; EnÞ, the fields at time tnþ1 are obtained as

W1 ¼ Wn � RðW1; E
n;DtÞ; W2 ¼ 3

2
Wn � 1

2
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¼ W2 � RðW3; E
n;DtÞ; W4 ¼ CDtW3; Enþ1

¼ PðW4Þ; Wnþ1 ¼ W4 � R Wnþ1; Enþ1;
Dt
2

� �
; ð49Þ

where R represents the numerical operator corresponding to relax-
ation step (the right hand side of Eq. (16)), CDt represents the
numerical convection operator corresponding to KFVS scheme,
PðUÞ denotes the solution of Poisson’s equation. Moreover, we
incorporate central difference scheme for the discretization of the
Poisson equation in Eq. (4)

esðVjþ1 � 2Vj þ Vj�1Þ ¼ qðnn
j � CÞðDxÞ2: ð50Þ

For the above tridiagonal system, we use Thomas algorithm for
calculating the electric potential V.

Heat diffusion term

We maintained the second order accuracy of the scheme by
using the following discretization of the heat diffusion term

ðjTxÞx 	
1

2ðDxÞ2
ðjiþ1 þ jiÞðTiþ1 � TiÞ � ðji þ ji�1ÞðTi � Ti�1Þ½ �;

ð51Þ

where ji is the local heat diffusion parameter in Eq. (6) with ni; Ti

plugged in.
Numerical simulation

In this section, several numerical test problems of submicron
gate Si and GaAs MESFETs (nþ � n� nþ diodes) are presented to
validate the proposed numerical algorithm. In the simulation of
nþ � n� nþ diodes, the hydrodynamic model has a better capabil-
ity to predict enhancements in the drain current vs. drain voltage
compared to drift–diffusion model. The hydrodynamic model pre-
dicts the experimentally measured time for GaAs devices more
accurately than the drift–diffusion model [11]. This is the reason
for extensively using hydrodynamic model to study the
nþ � n� nþ diode which models the channel of a field effect
transistor.

For validation, results of the suggested KFVS based scheme are
compared with those obtained from NT based scheme [16]. More-
over, we also illustrate a comparative study for different mobilities,
applied voltages, channel lengths and lattice temperatures.



Fig. 10. Comparison: KFVS vs Central (Dx ¼ 4:0� 10�3 lm).
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One dimensional test problems

We first simulate the one-dimensional problem for the valida-
tion of the proposed scheme.

Benchmarks on the numerical scheme
The hydrodynamical model has been broadly used to study the

nþ � n� nþ diode which models the channel of a field effect tran-
sistor. The diode starts with a heavily doped nþ source region, fol-
lowed by a lightly doped n channel region and ends with an nþ

drain region.
We first simulate the nþ � n� nþ diode without considering the
diffusion term effect for the following initial data

CðxÞ ¼ 2� 1021 m�3; x 2 ð0:25 lm;0:5 lmÞ;
5� 1023 m�3; elsewhere:

(
ð52Þ

For the transonic computations presented below, we take a
GaAs diode of length L ¼ 0:75 lm at T0 ¼ 300 K as shown in
Fig. 1. The applied voltage Vb ¼ 1:5 V. The length of the device is
divided as 0:25 lm source (nþ), 0:25 lm channel (n) and 0:25 lm
drain (nþ). Moreover the physical parameters are the effective elec-



Fig. 11. 2D doping nd ¼ ð1012 cm�3Þ in ½0;0:6� � ½0;0:2� ð lm2Þ
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tron mass m ¼ 0:0631 me at 300 K, where me is the electron mass
and the dielectric constant e ¼ 12:9. We considered the constant
relaxation times i.e. sp ¼ sw ¼ 0:2 picoseconds. Because of sub-
sonic inflow and outflow, we set the boundary conditions on the
left as n ¼ CðxÞ; T ¼ T0;V ¼ 0 and on the right as n ¼ CðxÞ and
V ¼ 1. The numerical results for physical variables are displayed
in Fig. 2 on 200 grid points. It can be observed from the plots that
the proposed KFVS scheme has better ability to resolve steep fronts
appeared in the velocity and temperature profiles as compared to
the NT central splitting scheme.

Secondly, we simulate an nþ � n� nþ ballistic silicon diode with
an applied voltage Vb ¼ 1:5 V. The domain of semiconductor is
defined on the ½0; L� with L ¼ 0:6 lm. The source region is of
0:1 lm, the channel length is of 0:4 lm and the drain region is of
0:1 lm. The doping profile is

CðxÞ ¼ 2� 1021m�3; x 2 ð0:1 lm;0:5 lmÞ;
5� 1023m�3; elsewhere:

(
ð53Þ

Further, the physical parameters required in the simulations are
listed in the Table 1. Fig. 3 compares the results of KFVS and NT
central schemes on 200 grid points ðDx ¼ 3:0� 10�3 lmÞ. The elec-
tric field and considered initial conditions contributed in the oscil-
lations during the first few picoseconds. Afterwards, the solution
tends to a steady state condition. From the Fig. 3, it can be observed
that both the KFVS and the NT central schemes give comparable
results. A small overshoot can be observed in the results of KFVS
and NT central schemes at end of channel length in the velocity
profile. KFVS resolves that peak more accurately as compared to
the NT central scheme. Overall, the results of both schemes agree
well. Similar results and peaks were also obtained in literature,
see for example [27] and references therein.

Thirdly, we make a numerical convergence study of our pro-
posed numerical scheme. In Fig. 4, the results of KFVS scheme on
different grid points are displayed, i.e. on 50 grid points
ðDx ¼ 1:2� 10�2 lmÞ;100 grid points ðDx ¼ 6:0� 10�3 lmÞ;200
grid points ðDx ¼ 3:0� 10�3 lmÞ, and 400 grid points
ðDx ¼ 1:5� 10�3 lmÞ.

Minor differences in the concentration and energy density pro-
files can be observed throughout the diode. In velocity and electric
field profiles differences are clear in source and drain region. The
velocity overshoot in the second junction clearly becomes sharper
with finer grids. These are known effects of the numerical viscosity.
Small viscosity is taken in account for finer mesh. This is the fact
that around the places having discontinuities and heavy gradients,
the numerical solution faded out. Comparatively small difference
can be seen in the temperature only in drain region. This can be
explained by analyzing the steady states. The difference in u is
reflected in n reciprocally. Because n ranges from around 10 to
500, this difference is barely observable. The difference in n inter-
feres the electric field through the Poisson equation.

Let us make a quantitative analysis of the differences. The refer-
ence solution is obtained from the KFVS on 800 grid points. The L1

and L1 errors are given in Table 2 on different grid points. The
numerical convergence rates for the L1 error are also computed.
The units of the L1 and L1 errors are the same as the corresponding
quantities. As we have mentioned earlier around the second junc-
tion the large gradients (discontinuities) occurs. This is the point
where most of the hyperbolic solver can only ensures first order
accuracy. Similar accuracy was obtained by our proposed numeri-
cal scheme. Similarly, L1-error cannot be neglected around the sec-
ond junction. Whereas, the L1-error rapidly reduces away from
this junction. We also conclude that the spike may be involved
with a numerical artifact similar to that in a slowly moving discon-
tinuity [28]. The L1-error converges between 1 and 2 as the our
proposed numerical scheme loses the second order accuracy
around the discontinuities. For comprehensive overview of L1

and L1-errors are displayed in Fig. 5.

The effects of different mobilities, temperatures and channel lengths
The use of different physical parameters in the hydrodynamical

model changes its solution. Such effects were also analyzed in the
literature, see for example [30,31] and references therein. We also
analyzed the same behaviors through our proposed numerical
algorithm. For this purpose, different numerical solutions were
obtained with different mobilities ln, different lattice tempera-
tures T0 and different channel lengths.

Fig. 6 shows that different values of mobilities produce no con-
siderable changes in the density n. Whereas, the humps and peaks
of velocity u and energy E decreases on decreasing the mobility
constant. Moreover, a decrease in mobility constant flattered the
temperature T.

In Fig. 7 displays the effects of different lattice temperatures on
the solutions. It can be seen that there no much difference in the
density profile. However, the peak of velocity u and range of energy
E reduces with reducing the temperature T0.

It can be observed in Fig. 8 that with smaller channel length
there is no diminishing behavior of hump is seen in the velocity
profile u. Similarly, flatness is no more prominent in the tempera-
ture profile T.

The observations of Figs. 6–8 were also reported in [30,31].

The effect of the different voltage
In this test problem, we have simulated nþ � n� nþ ballistic sil-

icon diode with an applied voltage Vb ¼ 2:0 V. However, the doping
profile is same as defined in Eq. (53).

It can be seen from the Fig. 9 that our proposed numerical
scheme gives almost the same result as obtained from NT central
scheme. We have also plotted the electric potential V calculated
from the Poisson equation (c.f. Eq. (4)).

The effect of the different physical parameters
In this test problem, we considered a semiconductor of length

L ¼ 0:8 lm with a source region of 0:175 lm, channel length of
0:45 lm and drain region of 0:175 lm. The doping profile is

CðxÞ ¼ 2� 1021m�3; x 2 ð0:175 lm;0:45 lmÞ;
5� 1023m�3; elsewhere:

(
ð54Þ

However, we have changed the effective electron mass to
m� ¼ 0:065� 0:9190� 10:0�31 kg, permittivity constant to



Fig. 12. 2D MESFET, HD model. Top left: Density (n), Top right: Horizontal velocity (v1), middle left: Vertical velocity (v2), middle right: Temperature (T), bottom: Electric
Potential (Vx).
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es ¼ 13:2� 8:85418� 10�12 F=m and low field mobility constant
to ln ¼ 0:14 m2=Vs. From the Fig. 10, it can be observed
that the KFVS has comparative results with the NT central
scheme.

Two dimensional test problems

Now, we simulate the two-dimensional problem for the valida-
tion of the proposed scheme. We present the numerical simulation
of 2D MESFET device of size 0:6 � 0:2 lm2, with HD model. The
source and the drain each occupies 0:1 lm. The source is at
x 2 ½0;0:1� and y ¼ 0:2 and the drain is at x 2 ½0:5; 0:6� and
y ¼ 0:2. The gate occupies 0:2 lm at x 2 ½0:2;0:4� and y ¼ 0:2. The
doping is defined by nd ¼ 3� 1017 cm�3 in ½0;0:1� � ½0:15;0:2�
and in ½0:5;0:6� � ½0:15;0:2� and nd ¼ 1� 1017 cm�3 elsewhere,
with abrupt junction (see Fig. 11).

We apply, at the source and drain, a voltage bias vbias ¼ 2 V and
at the gate negative bias voltage ¼ �0:8 V and low concentration
n ¼ 3:9� 105 cm�3. The numerical boundary conditions are sum-
marized as:



Fig. 13. 2D MESFET, HD model. Cut at y ¼ 0:175. Top left: Density (n), Top right: Horizontal velocity (v1), middle left: Vertical velocity (v2), middle left: Temperature(T),
bottom: Electric Potential (Vx).
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? At the source ð0 6 x 6 0:1; y ¼ 0:2Þ: / ¼ /0 for the potential;
n ¼ 3� 1017 cm�3 for the concentration; T ¼ 300
 for the
temperature; v1 ¼ 0 lm=ps for the horizontal velocity;
and the Neumann boundary conditions for the vertical velocity
v2.

? At the drain ð0:5 6 x 6 0:6; y ¼ 0:2Þ: / ¼ /0 þ 2 for the poten-
tial; n ¼ 3� 1017 cm�3 for the concentration; T ¼ 300
 for the
temperature; v1 ¼ 0 lm=ps for the horizontal velocity; and
the Neumann boundary conditions for the vertical velocity v2.

? At the gate ð0:2 6 x 6 0:4; y ¼ 0:2Þ: / ¼ /0 � 0:8 for the
potential; n ¼ 3:9� 105 cm�3 for the concentration; T ¼ 300


for the temperature; v1 ¼ 0 lm=ps for the horizontal velocity;
and the Neumann boundary conditions for the vertical velocity
v2.
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? At all other parts of the boundary, all variables equipped with
the Neumann boundary conditions.

In Fig. 12, the surface plots for the density n, the temperature T,
the horizontal velocity v1, the vertical velocity v2 and the potential
/ obtained by KFVS scheme with 96� 32 uniform mesh points are
presented. It can be seen that final steady solution has several sin-
gularities/sharp transitions due to jumps in the doping nd and the
mixed Drichlet–Newmann boundary conditions.

In Fig. 13, a comparison of cuts at y ¼ 0:175 of the solution is
shown, between KFVS and central scheme with 92� 32 uniform
meshes. The KFVS scheme shows better results in capturing sharp
peaks and NT central produces diffusive results.
Conclusions

A second order accurate splitting scheme based on the KFVS
method was presented to solve the multi dimensional hydrody-
namical models describing charge transport in semiconductor
devices. The nonlinear transport processes, high gradients and stiff
relaxation parameters in the models were the main sources of
instabilities for a numerical scheme. For comparison and valida-
tion, a splitting scheme based on the NT central scheme was also
applied to the same model. It was found that the suggested KFVS
method has capability to capture narrow peaks and steep gradients
in the solution profiles. Further, the solutions of proposed scheme
were free of oscillations. This was demonstrated by considering the
case studies of several one-dimensional nþ � n� nþ diodes. More-
over, the numerical solution obtained with different temperatures,
mobilities and voltages further validated the robustness and effi-
ciency of the current method. A two dimensional simulation is also
performed by KFVS method for a MESFET device, producing results
in good agreement with those obtained by NT-central scheme.
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